We report on the theoretical and experimental study of the generation of propagating waveguide modes on the water surface. These propagating modes are modulated in the transverse direction in a manner that satisfies boundary conditions on the walls of the water tank. It is shown that the propagating modes possess both anomalous and normal dispersion regimes, in contrast to the extensively studied zero mode that, in the case of deep water, only has normal dispersion with a fixed frequency independent dispersion coefficient. Importantly, by using a carrier frequency at which the group velocity dispersion crosses zero, a linear nonspreading and shape-preserving wave packet is observed. By increasing the wave steepness, nonlinear effects become pronounced, thereby enabling the first observation of linearly chirped parabolic water wave pulses in the anomalous dispersion regime. This parabolic wave maintains its linear frequency chirp and does not experience wave breaking during propagation. DOI: 10.1103/PhysRevLett.118.144501 Propagation dynamics of surface gravity waves in deep water is strongly influenced by dispersion [1] . A dispersive water wave train experiences spreading during propagation, accompanied by a decreasing amplitude. Contrary to a deep water case, in shallow water waves propagate with a velocity that depends on the depth rather than on frequency. In 1834, John Scott Russell discovered that a specific shallow water wave packet was traveling over a long distance along the Edinburgh-Glasgow canal while maintaining its original shape [2] . In hydrodynamics, this wave packet is called a solitary wave [2] , and Russell's discovery has inspired numerous attempts to generate nonlinearly localized waves on the surface of deep water as well; see Refs. [3-6] among others. On the other hand, nonspreading packets of low-steepness deep water waves, in which nonlinear effects are negligible, were formed recently by wave interference between different lobes of suitable wave packets such as the Airy [7, 8] or the cosine-Gauss waves [9] . The propagation of nonlinear surface water waves in a wave flume has been extensively studied for a long time [10] [11] [12] [13] [14] [15] . However, in most cases, unidirectional water waves that only vary with the propagation distance and remain uniform in the transverse dimension of the flume were considered. We shall refer to unidirectional surface water wave groups as zero modes [16] . However, in addition to the zero mode, a discrete number of transverse modes may exist in a wave flume of a constant cross section that satisfies the nonpenetration boundary condition at the walls of the tank [16] [17] [18] . These waveguide modes are characterized by a cosinusoidal modulation in the transverse direction of the flume. For such a mode, there is a resonant cutoff frequency. In linear approximation, these modes at frequencies above the cutoff are propagating, while below the cutoff the solution represents a standing wave with exponentially decaying amplitude [19] . Up till now, the emphasis was put on studying the wealth of essentially nonlinear wave phenomena in close vicinity of the cutoff frequency [16] [17] [18] [19] , whereas the concept of propagating waveguide modes as well as the control of the dispersion properties of a wave carried by the waveguide modes were not considered. In this Letter, we investigate both theoretically and experimentally the dispersion properties of propagating waveguide modes on the water surface for the first time. It is particularly interesting to find that the guiding modes possess both the anomalous and the normal dispersion regimes, which is very different from the zero mode that only possesses normal dispersion with a fixed value of the dispersion coefficient. Therefore, dispersion engineering for the manipulations of surface wave packets in the water tank is possible. Here, using these guiding modes we report on the creation of linear nonspreading and arbitrarily shaped deep-water wave packets by operating at the carrier frequency in which the group velocity dispersion crosses zero. As for waves with higher steepness in which nonlinear effects become significant, we report on the first observation of linearly chirped parabolic wave packets in the anomalous dispersion regime. Up till now, these parabolic wave packets were only observed with light pulses in optical fibers [20] [21] [22] . Such parabolic wave packets have not been observed so far in hydrodynamics since the underlying requirement for such wave excitations is their propagation in a nonlinear defocusing regime, which
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Gravity waves satisfy the deep-water dispersion relation [14] 
where ω is the angular frequency, k is wave number, and g is the gravity acceleration. We assume that the nonlinear terms can be neglected; hence, the wave propagation is linear. We consider the modes propagating on the water surface in a rectangular tank with a length L and a width d. We seek a solution in which the mode forms a standing wave in the transverse direction, in which the wave crest is parallel to the side walls. The tank therefore serves as a waveguide for the surface wave; hence, waveguide theory can be used [24] . The initial envelope of the waveguide modes in its normalized form takes the form
where m is an integer mode number, x denotes the propagation distance, y represents the transverse coordinate, and t is elapsed time. SðtÞ is an arbitrary function determining the envelope shape of the waveguide modes.
Owing to the transverse constraint of the wave tank, the guiding modes for m > 0 have a transverse wavelength λ y;m ¼ 2d=m [16] . Therefore, the corresponding transverse wave number can be written as k y;m ¼ mπ=d, and satisfies the momentum relationship
y , where k x is the propagating constant of these modes. As a result, the dispersion relation of these waveguide modes is given by
We note that m ¼ 0 represents the propagating plane waves in the deep water regime that have been extensively studied before [10] [11] [12] [13] [14] [15] . Based on Eq. (3), the cutoff frequency ω c;m , the group velocity c g;m ¼ dω=dk x , and the corresponding group velocity dispersion D ω;m ¼ 2πd 2 k x =dω 2 [24] can be expressed as
Below the cutoff ω c;m , the wave is evanescent; hence, it decays exponentially with the distance from the wave maker, whereas above the cutoff it becomes a propagating wave. In this Letter, we concentrate on the latter case. Equation (5) shows that as ω slightly increases above the cutoff ω c;m , the group velocity c g;m increases rapidly, attains the maximum value at a relative frequency of ω=ω c;m ¼ 3 0.25 ≈ 1.315 (for details see Sec. (c) of the Supplemental Material [25] ), and then asymptotically decreases with ω. That means the guiding modes with m > 0 possess both anomalous and normal dispersion regimes. This intriguing behavior can be further seen from their dispersion coefficient D ω;m shown in Fig. 1 . It shows that as ω increases, D ω;m changes its sign, and then approaches asymptotically its maximum dispersion value. This behavior is very different from the zero mode that has a fixed frequency-independent value of dispersion (D ω ¼ 1.281 s 2 =m); see the dotted line of Fig. 1 . Figure 1 indicates that the wave pulses would spread during propagation since components with different frequencies have different group velocities. However, there exists carrier frequency (ω=ω c;m ¼ 3 0.25 ) at which pulse spreading becomes negligible as the dispersion vanishes; see the dashed lines.
To observe these propagating properties of waveguide modes, we performed experiments in a L ¼ 18 m long, and d ¼ 1.2 m wide laboratory wave tank with a constant water depth h ¼ 0.6 m; see experimental setup in Ref. [25] [Sec. (a)]. To meet the deep water condition, we only consider the excitations of guiding modes with m ≥ 2. Waves were generated by a modular paddle-type wave maker which consisted of four sections; each section was 30 cm wide and was driven independently by the signal η AE ¼ AEa 0 cosðωtÞSðtÞ, where a 0 was the amplitude of the wave maker. In experiments, we set SðtÞ ¼ expð−t 2 =t These four sections could be operated either in phase or out of phase. The instantaneous surface elevation at any fixed location along the tank was measured by four conductance-type wave gauges with a sampling frequency of 400 Hz. The waveguide mode patterns can be generated by the operation of each wave maker section. As an example, Fig. 2(a) shows a typical operating mode: driving the two middle sections with η þ , while the other two sections with η − . We denote this operating mode as (η − ; η þ ; η þ ; η − ). With this excitation, the guiding mode with m ¼ 2 could be generated, with its pattern shown in Fig. 2(c) . Using a different excitation (η − ; η þ ; η − ; η þ ), see Fig. 2(b) , the mode pattern with m ¼ 4 could be generated; see Fig. 2(e) . Owing to the limitations of only four wave maker sections, the mode with m ¼ 3, see Fig. 2(d) , cannot be excited directly. We can excite the m ¼ 1 mode; however, it does not satisfy the deep water condition. Hence, in experiments, we only study the modes with m ¼ 2 and m ¼ 4, both satisfying the deep water condition.
We first experimentally verify the predictions on the dispersion relation of the generated waveguide modes. 
wave steepness ε ¼ a 0 k x ≃ 0.05, so that the nonlinear effects are minor. To measure pulse group velocity, we recorded wave elevations at five different locations of the tank, and found the corresponding envelope peaks. Note that the wave gauges were fixed to the transverse position of y ¼ 0.6 m at which their maximum amplitude is located. The pulse envelopes were constructed by Hilbert transforming the elevations. The data points in Fig. 2(f) present the average group velocity, which matches well with the theoretical predictions. Clearly, it shows that the guiding modes exhibit behavior different from the zero mode.
In the following, we demonstrate the ability to control the dispersion of pulses with waveguide modes, by selecting carrier frequencies in which the dispersion is either positive or negative, or nearly zero. The latter case provides a new way to realize nonspreading water wave packets in the linear regime [7, 9] . Owing to the similarity of the higher modes, here we only consider the propagating effects of waveguide mode with m ¼ 2. Figure 3 depicts pulse envelopes constructed both experimentally and numerically at four different locations of the tank. The presented simulations were performed based on the envelope transfer function; see Sec. (b) of Ref. [25] for details. This function takes into account the higher order derivatives of the wave number with respect to frequency, beyond the second derivative, and thus correctly predicts the reshaping of the pulses. We note, however, that the third derivative is significant only at the vicinity of the cutoff, and decays rapidly at higher frequencies. Figure 3 shows that by setting ω ¼ 7.3 rad=s (near the 2nd cutoff ω c;2 ¼ 7.17 rad=s) and ω ¼ 8.0 rad=s, strongly and weakly dispersive wave pulses were observed; see Figs. 3(a) and 3(b), respectively. As expected, the pulse spreads during propagation, accompanied by a decay of amplitude and a growth of the envelope tail. However, by setting ω ¼ 9.0 rad=s at which D ω;m ≈ 0, a dispersion-free wave packet was observed, see Fig. 3(c) . The pulse does not change its shape and maintains its amplitude while propagating along the wave tank. We should point out that the generated localized wave packet is different from the solitary wave characterized by a balance between dispersion and nonlinearity [2, 27] . It is also different from the special linear nondispersing pulses such as the Airy pulse [7] and the cosine-Gauss pulse [9] . Here the lack of dispersion is obtained by nulling the dispersion of the carrier wave, and not by selecting a suitable pulse envelope SðtÞ. This means that any narrow-banded pulse, in addition to a Gaussian pulse, would be nonspreading under these operating conditions.
Finally, when the wave steepness is increased, nonlinear effects can no longer be neglected [14] . In this case, we investigate for the first time the generation of surface parabolic water waves, having a temporal dependence of
, with a waveguide mode in the anomalous dispersion regime. A nonlinear parabolic wave is intriguing as it exhibits characteristics such as selfsimilarity in shape, predominantly linear frequency chirp, and resistance to wave breaking during propagation in a dispersive medium [20] [21] [22] 28, 29] . We emphasize that the nonlinear parabolic water waves could be generated on the water surface provided that the group velocity dispersion D ω and the nonlinear coefficient γ (the sign of γ in deepwater condition is negative [5, 14, 19] ) satisfy γD ω > 0 [20] . This can be achieved by setting the frequency of waveguide modes at the anomalous dispersion regime, i.e., D ω < 0.
To illustrate this point, we performed experiments with a waveguide mode of m ¼ 2, setting ω ¼ 8.5 rad=s (ω=ω c;2 ¼ 1.185 < 3 0.25 ) at which the pulse dispersion is anomalous; see Fig. 1 . Based on these conditions, we can further estimate the dimensionless value of the detuning coefficient as ∼30 ≫ 1, indicating that carrier frequency is far away from the cutoff [19] . We increased the initial amplitude from a a 0 . Clearly, the parabolic wave pulses were observed in both cases, indicating that the initial Gaussian envelope evolves into parabolic profiles. We found that when the initial amplitude is increased from 25 mm to 40 mm, the width of the parabolic profiles becomes larger, from t p ¼ 4.0 s to t p ¼ 5.5 s at the location of x ¼ 10 m. In addition, we also observed the linear frequency chirp of the generated parabolic waves. The instantaneous frequency of the waves can be measured from the recorded wave elevations, with the results shown in Figs. 4(c) and 4(f) for two cases of a 0 , which match well with the simulations. The measurements of linear frequency chirp further confirm the generation of the nonlinear parabolic water waves [20, 22] . We point out that parabolic waves cannot be generated in the normal dispersion regime, e.g., with ω ¼ 10.0 rad=s in which case γD ω < 0; see the measurement in Sec. (d) in Ref. [25] . In this case, increasing the incident amplitude would enhance the asymmetry of the wave, so that the wave starts breaking as it propagates along the wave tank.
In conclusion, we demonstrated dispersion management of water wave pulses using propagating waveguide modes in the linear and the nonlinear regimes. We found that unlike the zero mode that only possesses normal dispersion in the deep water condition, the waveguide modes with m > 0 have both the anomalous and the normal dispersion regimes, thereby enabling new possibilities for water wave manipulations by dispersion engineering. Specifically, in the linear regime we have shown nonspreading pulses by operating the wave maker at a carrier frequency at the zero dispersion point. In the nonlinear regime, we have observed chirped parabolic pulses by operating the carrier frequency at the anomalous dispersion regime. We believe that the presented results open new opportunities for water-wave manipulation, by controlling pulse dispersion with waveguide modes.
